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1. Introduction 



By pGot721, connected components of Map (5"*, B5't/(2)) is the classifying spaces of gauge groups of princi- 
pal 5'L'(2)-bundles over S'^. Tsukuda IITsuOll has investigated the homotopy types of connected components of 
Map (S*, BSU{2)). But unfortunately, the proof of Lemma 2.4 in BTsuOll is not correct for p = 2. In this paper, 
we give a complete proof. Moreover, we investigate the further divisibility of e,- defined in MTsuOll . In OTsul . it is 
shown that divisibility of e, have some information about A, -equivalence types of the gauge groups. 

In §2, we review the definition of e, and the motivation in homotopy theory. In §3, 4, 5 and 6, we investigate 
the divisibility of e,. These four sections are purely algebraic. In §7, we apply these results to A„-types of gauge 
groups. Especially, we estimate the growth of the number of A„-types of gauge groups of principal 5'f/(2)-bundles 
over 5"*. 

The author is so grateful to Professor Akira Kono and Doctors Kentaro Mitsui and Minoru Hirose for fruitful 
discussions. 

2. Definition and motivation 

We review the definition of {e,). Let be a principal 5t/(2)-bundle over 5"* with {c2{Pk), [S"^}) - k e Z. 
According to IITsul . the gauge group @{Pk) is A„-equivalent to a topological group Q(Po) - Map (5^, SU{2)) if and 
only if the map 

S'^VHP" ^' HP'" V HP'" ^ HP'" 

extends over S'^ x HP", where A: : 5^ — > HP'^ is a classifying map of P^, i : HP" — > HP'" is the inclusion and 
V : HP'" V HP'" HP'" is the folding map. 

Now, we assume there exists the following homotopy commutative diagram: 



localization 



X HP" ^ ff^Tp) 

where /? is a prime and j : 5"* V HP" — > 5"* x HP" is the inclusion. 

We denote the localization of the ring of integers by the prime ideal (p) c Z by Z(p). The p-localized complex 
/:-theory K{HP'^^^)(p) of HP^^ is computed as 

K(HP-,\,, = Z(rt[fl]. 

We may assume that there exists the generator b e H'^{HP'"- Q) such that 



cha — ^ 



2bj 



Similarly, take u e K(S%) and s e H\S'^; Q) such that ch u = s. Then, f*b = ks x I + I x b in H\S'^ x HP"; Q) 
and 



f*a - kuxl + \xa + ^^ ei(k)u x a' 



i=l 
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in K(S X HP")(p), where e,(fc) e Z(p). We calculate f'cha and c/i /'a as follows: 

fcha^ry = y (ksxl + lxby ^ksxl + yi sxb^- 



(2y)! 



1 xbj\. 



ch f*a — ch 



X 1 + 1 X a + ^ ei(^)M xa' =^5 x 1 + 1 x ^ Tvv X ^ X rTv^'' 



!=1 



2 n n 2; .^^-j 



,s X 



Then we have the following formula: 



I 



'+ 1)! ^ . 



2'e,« 



ii.- J,>i 



From this formula, one can see that there exists the number e, e Q such that e,(^) = e,^ for each /. Of course, the 
sequence {^i]"^^ satisfy the following formula for each I: 



1)! " X , ^ 



2'e,- 



71.- J,>1 

For example, €\ - 1/6, €2 - - 1 / 1 80, 63 - 1 / 1 5 1 2 etc. From the above argument, if the map (localization) V(fc V i) : 
54 y fjpn -^HP^ extends over 5^ x HP", then eik, ■■■ ,e„ke Z^,). 

Tsukuda OTsuOll defines a non-negative integer dp{k) for a prime p and an integer k as the largest n such that 
there exists an extension of 

S' V HP" '4 HP- V //P- ^ HP- HP-^ 

over x HP". Remark dp(Q) - 00. Clearly, if we define eo = 1, then 

dp(k) < d'pik) :- max{ n e Z>o | £„k € Z(p) ). 

It is shown that dp{k) = dp(k') for any prime if the classifying spaces BQiPk) and BQiPk') are homotopy 
equivalent. Lemma 2.4 in OTsuOll asserts that d'p{k) < 00 (therefore dp(k) < 00) for 9^ and any prime p. But the 
proof is invalid for p -2. We will give a correct proof for this case in §4. 

We also review the result of [Tsui. If 0{Pk) and 0{Pk') are A„-equivalent, then mm{n,dp{k)] - mm{n,dp{k')] 
for any prime p. Let p be an odd prime. For i < (p - l)/2, e,- e Z(p). For (p - l)/2 < ! < p - 1, pe, e Z(p). 
Moreover, e(p-i)/2 i Z(p), pep-i ^ Z(p) and p^£p-i e Z(p). We will generahze these results in §4 and 5. 

3. An EXPLICIT FORMULA FOR e,- 

Algebraically, the sequence {e/l^g °f rational numbers is defined by the following formula inductively: 

2'e,- 



'+ 1)! Yj , Yj 



(2/+1) 

ju-,ji>i 

and eo = 1. Equivalently, {e,) is defined by the equality 



.1 ....... ^2;0!- -(2;.)! 



Yj (2Z+ 1)! Yj^' Yj 

^ ' !=0 V/=I 



(2;)! 



in the ring of formal power series 



Proposition 3.1. The rational number e,- is the i-th coefficient of the Taylor expansion of 1 /f'(x) at e C for 

/(^) = (cosh-'(l + ^))', 
where f is holomorphic in a neighborhood of 0. 
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Proof. Define a holomorphic function h by 



2 

h{x) = 2 cosh - 2 = ^ rr\\'^' 



1=1 



in a neighborhood of 0. Then / given by the above formula is the inverse function of h. We also define g by 

oo 

gix) = ^ 

!=0 

Then, formally, h'{x) = gihix)) by the definition of e,. Therefore, we have gix) = l/f'{x). 

The next proposition is proved by easy computation. 
Proposition 3.2. The holomorphic function f satisfies the following differential equation: 

x{x + 4) fix) + ix + 2) fix) -2 = 0. 

If the power series 

CO 

^ OiX' 

satisfies the above equation, then 



i=0 



a\ = \ , a, 



i+i 



From these equations, 
for i>\. Hence, 

and 



a, = (-!)• 



fix) = £(-1) 

!=1 



i2i + 2)(2j + 1) 
,-i2((j-l)!)2 



a, (i > 1). 



(20! 

,-i 2(0--l)0\ , 

(20! 



/'(.) = g(-iy^ 



(2/+1)! 



Therefore, 

This implies the following formula. 
Theorem 3.3. 



j+H+-+lj _ 



(jl!)'---(j;!)' 



(2ji + 1)!---(2J; + 1)! 



(2^i + 1)!---(2^,+ 1)! 



(1,-,(;>1 

4. DivisiBiLriY OF e,- by 2 

For a prime p and a rational number n, we denote the p-adic valuation of n by Vpin). Equivalently, if 

p"t 
pf's 

where s and t are integers prime to p, then Vpiri) = a-b. First, we observe the divisibiUty of factorials. 
Lemma 4.1. Let pbea prime. Then, for a integer 

n = nrp'^ + nr-ip'^'^ -\ + no 

where < n, < p for each i, 

Vpinl) = -in - no n^) 

p-l 
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Proof. First, we remark the following: 

#[keZ\l <k<n,kis divisible by p' } - rirp'^' + nr-\ p'^'^^ +•••+«; 

for 1 < / < r. Hence 

Vp{n\) -{rirp''^^ + tir-ip''^^ ■ ■■ + ni) + (nrp''^ + rir-ip'^^ + ■ ■ ■ + rii) + ■ ■ ■ + rir 

=n,. + n,.-i — + ■ ■ ■ + «! = -(n - riQ n,.). 

p-l p-l p-l 

□ 

For p — 2, V2(n!) — n — no — ■ ■ ■ — rir- 
Lemma 4.2. For a integer 

n - nrlS + n,._i2'^^' + ■ ■ ■ + no 

where < ni < 2 for each i. 

Proof. Since V2((2n + 1)!) - 2n - nQ - ■ ■ ■ - n^ and V2(n!) - n - n^ - ■ ■ ■ - nr, the formula above follows. □ 

Now, we observe the divisibility of e, by 2. 
Proposition 4.3. For positive integers ni, ■ ■ ■ , n„, and I - n\ + ■ ■ ■ + n,„, ifnj > 2 for some j, then 

(2«i + l)!---(2n^+l)! 

Proof. From Lemma 14. 21 

(2n+l)! * 

Moreover, if n > 1 , 

2-^^eZ,, 
(2« + 1)! ^ ^ 

The conclusion follows form this. □ 



From this proposition and Theorem 13. 3 



ei = 6'' mod 2"'+'Z(2). 



Then we have the following theorem. 
Theorem 4.4. 

viiei) = -I 

Then d'2(k) = V2(k) (see §2 for the definition of c/j) and Lemma 2.4 in QTsuOll for p = 2 is proved. 

5. DiVISffilLITY OF e, BY AN ODD PRIME 



In general, divisibility of e,- by an odd prime p is more complicated than by 2 because the interval between a 
multiple of p and the next one is longer. But for p - 3, we will have a similar result. 



Lemma 5.1. Let p be a prime. Then, for a integer 
where < n, < p for each i. 



n - nrp' + nr-xp'^ ' + ■■■+ no 



2 

v„((2n + 1)!) < (n - no n^) + r + 1 

p-l 
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Proof. First, we remark the following: 

#{keZ\\<k<2n + l,;t is divisible by p') < 2(nrP" + +••■ + «,)+ 1 

for 1 < / < r + 1 . Hence 

Vp((2n + 1)!) <2(n,./?''"' + n,-i/?''"^ ■ ■■+«!) + 1 + linrp'^^ + nr-ip'^^ + ■ ■ ■ + na) + 1 + ■ ■ ■ + 2«r + 1 + 1 
2 

(n - «() - ■ ■ ■ - Mr) + + 1 • 



Lemma 5.2. For an odd prime p and a positive integer n, 

""[(in + iy.j- p-i- 

Moreover, this equality holds if and only ifn — {p — l)/2. 

Proof. Let n - nrp'' + nr-\p''^^ H 1- no where < «, < p for each /, especially n, ?t 0. From Lemma l4n and ISTl 

{n\f \ In 
' > -r - 1 > 



(2«+l)!/" p-\ 
for n>p since 

^^(r+l)</<n. 

For n < p, 

I (nlf \ _jO (0 < n < (p- l)/2) 

'He 

Then 



(2« + l)!/ (-1 {{p-l)/2<n<p) 



(niy \ ^ 2n 



"\(2n+l)\)- p-l 
holds for any n and the equality holds if and only if n = (p - l)/2. 

This lemma implies the next proposition. 

Proposition 5.3. For an odd prime p, positive integers n\, - ■ ■ , n„, and I — n^ + ■ ■ ■ + n,„, then 

I (nilf---(njy \ ^ 21 
''"\(2ni + iy.---(2n„, + iy.j- p-l' 
where the equality holds if and only if ni — (p — 1)12 for each i. 

Then, by Theorem l3.3l we have 



\2n 

e„ip-im ^ (-1)"'""'*^'^7^ mod p-"^'Z 
Theorem 5.4. For a non-negative integer n. 



Vp(en{p-\)I2) - -n. 
Especially, V3(e/) - -I. We also have the following estimate. 
Theorem 5.5. For a non-negative integer I < n(p — 1)12, 

Vp(ei) > -n 

Proof. Let positive integers i\, - ■ ■ , satisfy /i + ■ ■ ■ + /,„ - I. From Proposition 

O'lO' ■■■(/,« 0' \^ 2Z 

> > -n. 



Therefore, by Theorem |3.3l Vpiei) > -n. 
These results imply d'p(k) - ip - l)vp(k)/2 



(2/i + l)!---(2!„, + l)!/- p-l 
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6. Further observation 



Though it suffices to know Theorem l4.2ll5.4l and l5.5l for our application, we see the divisibility by 5 here. 
For / = 2n, by Theoi'em l5.4l vs{e2n) - Then we consider the case I -2n+ \. Since V5(e2n+i) ^ -n. 



ein.i ^ (-ir'« ■ ^ + (-!)"(« + 1) ■ i. :^. mod 5-«^'Z 



(5!)«-'7! 



(5!)«3! 



(5)- 



The right hand side is computed as 



„2^"(7-2«) 



(5!)«-i7! 

Then ifl=T> mod 10, vgCe;) > -[//2], where [//2] represents the largest integer < Z/2. On the other hand, if / ^ 3 
mod 10, V5(e,) = -[112]. 

Actually, ei (I - 1, ■ ■ ■ , 20) is computed as follows, where the right hand sides are the prime factorizations. 



2-23-^5-'(-l) 
2-33-35O7-1 



£2 
£3 

e4^2-'^3-'^5-^TU-l)23 

65 = 2-^3-^5-^7-' ir '263 

66 = 2-''3-S-^7-2ll-'l3-'(-l)353 ■ 379 

67 = 2-^3-^5-^7-^ll-'l3-'l97-797 

eg = 2-^3-^5-'*7-2ll-'l3-'l7-'(-l)383- 42337 



£9 



2-''3-''5-'*7-^l r' 13-' 17-' 19-'2689453969 





= 2- 


-103- 


"'5- 


-57- 


-^ir 


^13- 


'17- 


'19- 


'(-1)26893118531 


en 


= 2" 


"3- 


"5- 






^13- 


'17- 


'19- 


'23- 


'73-76722629153 


en 


= 2- 


-'23- 


'25- 


-67- 


Hv 


^13- 


^17- 


'19- 


'23- 


'(-1)127-563-46721395729 


en 


= 2" 


-'^3- 


'^5- 




Hv 


^13- 


^17- 


'19- 


'23- 


'71 - 1531-20479-397849 


e\A 


^2- 




'^5- 




Hv 


^13- 


2l7- 


'19- 


'23- 


'29-'(-l)43 - 19981442744694143 


en 


= 2" 




'^5- 


-^7- 




^^3- 


^17- 


'19- 


'23- 


'29-'31-'233 - 11874127314767975461 


ei6 


= 2" 


-163- 


'"5- 


-87- 




^3- 


2l7- 


2^9- 


'23- 


'29-'31-'(-l)31947308831 1274492668499 


en 


= 2- 




'^5- 


-87- 


-'iv 


^13- 


^17- 


2^9- 


'23- 


'29-'31-'l03- 191 - 11677-8295097-229156549 


en 


= 2" 


-183- 


'«5- 






^13- 


^17- 


2^9- 


^23- 


'29-'31-'37-'(-l)811 - 236696258753425486925956793 


en 


= 2" 


-"^3- 


"^5- 




"ir 


^13- 


^17- 


^19- 


^23- 


'29-'31-'37-'276162497983 - 959905866507242503 


eio 


= 2" 


-203- 


2"5- 


-1O7 


-''11 


-^13 


-3 17 


-^19 


-^23" 


'29-'31-'37-'41-'(-l)269 - 13677071637569 - 22534765 



7. Applications to A„ -types of gauge groups 
As in §2, we assume there exists the following homotopy commutative diagram: 



localization 



S'^xHP" 



HP 



(p) 



where pis a prime and / and j are the inclusions. Let us consider the map 

A , , fUfflocalization)/) 

S'^xHP"U*xHP"^^ HP'^py 
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The obstruction to extending this map over 5"* x HP"^^ hves in nAn+ii.HP'^^^^). Then, from Theorem of IISel78l . the 
obstruction to extending the map 



A „ „ 1 1 (pxid)Uid , „ „ , , fUfflocalization)/) 

X HP" U * X HP"^^ ^ 5^ X HP" U * X ^ HP 



over 5^ X HP"^^ vanishes for an odd prime p. Hence one can see dp(pk) > dp(k) and dp{k) > Vp{k) inductively. 
For p - 2, from IIJam57l . d2(4-k) > diik) and d2{k) > [v2(^)/2] similarly. Then we have 



Vp{k) < dp(k) < ^Vp(k) 



for an odd prime p and 



V2(k) 



< d2{k) < V2(k) 



from previous two sections. Especially, d^ik) = VT,{k). 

Now we give the lower bound of the number of A„ -types of gauge groups of principal 5?7(2)-bundle over 5^. 
As stated in §2, if QiPk) and @{Pk') are A„-equivalent, then min{n, dp(k)] - min{n, dp{k')} for any prime p. If p is 
an odd prime, then 

[ 2n 

#{imR{n,dp(k)}\keZ}> + 1 

[p-l 

,2^ . ^ ^ ^^[2«/(p-i)]) < „. If p ^ 2, then 



since = dp(l) < dp{p) < dp(p ) < ■ ■ ■ < dp(p^- 

#{ min{«, d2(k)} \keZ]> 
since = d2(l) < d2(4) < d2(16) <■■■< d2(4^"'^'^) < n. 

Theorem 7.1. The number ofA„-types of gauge groups of principal SU(2)-bundles over is greater than 



n 



/?:odd prime 



2« 

7^ 



1 



We can express the logarithm of this as follows: 



log 



2 



n 

/?:odd prime 



In 



+ 1 



= log 

= log 
= log 



2 J 



/:>: odd prime 
«+l 



2n 



p-l 



+ 1 



+ 1 + 



^^-l^loJu-l 



- log(« + 1), 



where n is the prime counting function. The second equality is seen by 



# < p : an odd prime 



2n 



+ 1 



> r 



p-l 
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